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CLUSTER TILTING OBJECTS IN GENERALIZED 
HIGHER CLUSTER CATEGORIES 

LINGYAN GUO 

o. 

^N| , Abstract. We prove the existence of an m-cluster tilting object in a 

generalized m-cluster category which is (m + 1)-Calabi-Yau and Horn- 
finite, arising from an (m + 2)-Calabi-Yau dg algebra with finite-dimen- 
sional homology in degree 0. This is a generalization of the result for 
the m = 1 case in Amiot's Ph. D. thesis. Our results apply in particu- 
lar to higher cluster categories associated to suitable finite-dimensional 
algebras of finite global dimension, and higher cluster categories asso- 

pH ' ciated to Ginzburg dg categories coming from suitable graded quivers 

Hr . with superpotential. 

1. Introduction 

In recent years, the categorification of cluster algebras has attracted a lot 
of attention. Notice that there are two quite different notions of categori- 
fication: additive categorification, studied in many articles, and monoidal 
categorification as introduced in |14| . One important class of categories 
arising in additive categorification is that of the cluster categories associ- 
ated to finite-dimensional hereditary algebras. These were introduced in [3] 
q ■ (for quivers of type Am [9]), and investigated in many subsequent articles, 

e.g. @| [8] Q33] d] • • • , cf . [23] for a survey. The cluster category C Q 
associated to the path algebra of a finite acyclic quiver Q is constructed as 
the orbit category of the bounded derived category T> (modkQ) under the 
action of the autoequivalence t _1 E, where E is the suspension functor and 
5_i ■ r the Auslander-Reiten translation. This category is Horn-finite, triangu- 
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lated and 2-Calabi-Yau. Analogously, for a positive integer m, the m-cluster 
category Cq is constructed as the orbit category of U b (modkQ) under the 
action of the autoequivalence r _1 E m . This higher cluster category is Horn- 
finite, triangulated, and (m + 1)-Calabi-Yau. It was first mentioned in |17j . 
and has been studied in more detail in several articles [2 J [20J |21j [24J .... 
Many results about cluster categories can be generalized to m-cluster cate- 
gories. In particular, combinatorial descriptions of higher cluster categories 
of type A n and D n are studied in [6] [7], the existence of exchange triangles 
in m-cluster categories was shown in [15], and [25] proved that there are 
exactly m + 1 non isomorphic complements to an almost complete tilting 
object, and so on. 
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2 LINGYAN GUO 

Claire Amiot [lj generalized the construction of the cluster categories to 
finite-dimensional algebras A of global dimension < 2. In order to show 
that there is a triangle equivalence between Ca, constructed as a triangu- 
lated hull pT|, and the quotient category perll^(A) /V b H^(A) , where 113(A) 
is the 3-derived preprojective algebra [19] of A, she first studied the cate- 
gory Ca =perA/'D (A) associated to a dg algebra A with the following four 
properties: 

1) A is homologically smooth; 

2) A has vanishing homology in positive degrees; 

3) A has finite-dimensional homology in each degree and 

4) A is 3-Calabi-Yau as a bimodule. 

She proved that the category C is Horn-finite and 2-Calabi-Yau. Moreover, 
the image of the free dg module A is a cluster tilting object in C whose 
endomorphism algebra is the zeroth homology of A. She applied these results 
in particular to the Ginzburg dg algebras F(Q t w) associated [12] to Jacobi- 
finite quivers with potential (Q, W), and then introduced generalized cluster 
categories C(q : w) = P er ^(Q,w)/'^ 1 ^(Q,W)i which specialize to the cluster 
categories Cq in the case where Q is acyclic and W is the zero potential. 

The motivation of this article is to investigate the existence of cluster 
tilting objects in generalized higher cluster categories. We change the above 
fourth property of the dg algebra A to: 

4') A is {m + 2)-Calabi-Yau as a bimodule. 

Similarly as in [lj , using the inherited ^-structure on per A we prove that the 
quotient category Ca =per^4/2? 6 (^4) is Horn-finite and (m + 1)-Calabi-Yau 
in section 2. We call it the generalized m-cluster category. The image of the 
free dg module A is an m-cluster tilting object in C whose endomorphism 
algebra is the zeroth homology of A. 

We apply these main results in section 3 to higher cluster categories CmL 
associated to Ginzburg dg categories [19] arising from suitable graded quiv- 
ers with superpotential (Q,W). In order for the Ginzburg dg categories 
to satisfy the four properties, we assume that their zeroth homologies are 
finite-dimensional, that the graded quivers are concentrated in nonpositive 
degrees, and that the degrees of the arrows of Q are greater than or equal 
to —to. This generalized higher cluster category C,q w -, specializes to the 

higher cluster category Cq when Q is an acyclic ordinary quiver and W is 
the zero superpotential. 

In the last section, we work with finite-dimensional algebras A of global 
dimension < n. If the functor Tor n (— , DA) is nilpotent, then the (n — 1)- 

cluster category C^ defined as in section 4 of A is Horn-finite, n-Calabi- 

Yau and the image of A is an (n — l)-cluster tilting object in C^ ■ This 
section is a straightforward generalization of Section 4 in p] , so we only list 
the main steps of the proof. 
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2. Existence of higher cluster tilting objects 

Let k be a field and A a differential graded (dg) /c-algebra. We write 
peiA for the perfect derived category of A, i.e. the smallest triangulated 
subcategory of the derived category T>(A) containing A and stable under 
passage to direct summands. We denote by D (A) the bounded derived 
category of A whose objects are those of T>(A) with finite-dimensional total 
homology, and denote by A e the dg algebra A ? <S>k A. Usually, we write [1] 
for the suspension functors X in triangulated categories. Let m > 1 be a 
positive integer. Suppose that A has the following properties (*): 

a) A is homologically smooth, i.e. A belongs to per(A e ) when consid- 
ered as a bimodule over itself; 

b) the p-th homology H P A vanishes for each positive integer p ; 

c) the 0-th homology H°A is finite-dimensional; 

d) A is (to, + 2)-Calabi-Yau as a bimodule, i.e. there is an isomorphism 
in V(A e ) 

KRom A e(A, A e ) ~ A[-m - 2). 

Let D denote the duality functor Honifc(— , k). 

Lemma 2.1 (|18j). Suppose that A is homologically smooth. Define 

n = KRom A e(A,A e ) 

and view it as an object in V(A e ). Then for all objects L ofT>(A) and M 
ofD(A), we have a canonical isomorphism 

DBom v{A) {M,L) ~ Rom v{A) (L ® A Q,M). 

If we have an isomorphism £1 ~ A[— d] in V(A e ) for some positive integer 
d, then T) b (A) is d-Calabi-Yau, i.e. we have 

DRom v{A) (M,L) ~ Rom v{A) (L,M[d]). 

From the proof given in [18J of lemma [27TT one can see that T> (A) is Horn- 
finite and is contained in perA We denote by it the canonical projection 
functor from perA to C A = Y>%iA/'D b {A). 

The main generalized result is the following theorem: 

Theorem 2.2. Let A be a dg k-algebra with the properties (*). 

1) The category C A = pevA/D (A) is Horn-finite and (to + 1)-Calabi- 
Yau. 
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2) The object T = irA is an m-cluster tilting object, i.e. we have 

Rom CA {T,T[r}) = 0, r = 1, . . . ,m, 

and for each object L in Ca, if Home^T, L[r]) vanishes for all 
r = l,...,m, then L belongs to add(T) the full subcategory of Ca 
consisting of direct factors of direct sums of copies of it A, 

3) The endomorphism algebra of T is isomorphic to H°A. 

We call Ca the generalized m-cluster category associated to A. 

We simply denote T)(A) by T>, and denote Ca by C. 

Let T>- (resp. T>- 1 ) be the full subcategory of T> whose objects are the 
dg modules X such that H P X vanishes for all p > (resp. p<0). Similar as 
in p~] , the proof of Theorem 12.21 also depends on the existence of a canonical 
t-structure (J)— ,T>— ) in perA For a complex of fc-modules X, we denote 
by t< X the subcomplex with (t<qX) 1 = X % for i < , (r< X)° = Kerd 
and zero otherwise. Set t>\X = X/t<_qX. By the assumptions on A, the 
canonical inclusion t<qA— >A is a quasi-isomorphism of dg algebras. Thus, 
we can assume that A p is zero for all p > 0. 

Proposition 2.3 (|lj). Let 7i be the heart of the t-structure, i.e. % is the 
intersection T>— n T>-°. 

a) The functor H° induces an equivalence from H onto Mod.£f °j4 . 

b) For all X and Y in'H, we have an isomorphism 

Ext^, A (X,Y) ~ Rom v (X,Y[l\). 

Lemma 2.4. For each integer r, the space H r A is finite- dimensional. 

Proof. By our assumptions, the space H T A is zero for every positive integer 
r and H°A is finite-dimensional. We use induction on r to show that 

For each r > m — 1, the space }j m - r ~ 1 j\ i s finite- dimensional, and for 
each M € mod.ff ^4, the space Homx>(r< m _ r _i^4, M[p]) is finite- dimensional 
for all p>r + 1 . 

For r = m — 1, the space H°A is finite-dimensional by assumption. Since 
t<cjA is quasi-isomorphic to A, the following isomorphisms hold 

Homp(r< i,Af[p]) ~ Rom v (A,M[p}) ~ H°(M\p\) = 

for p>(m - 1 + 1)>1 and M £ modH°A. 

Suppose that the property holds for r(>m — 1). Applying the functor 
Hom-p(— ,M[p]) to the triangle : 

(H m - r - l A)[r - m ]^r< m _ r _ 2 ^^r< m „ r _ 1 ^^(F m - r - 1 ^)[l + r - m], 

we can get a long exact sequence 

where we write (, ) for Honix)(, ). 

By induction, the space Homx>(r< m _ r _i^4, M[p]) is finite-dimensional for 
all p>r+l. Note that M[p] is in T> b (A), so we can use the (m+2)-Calabi-Yau 
property of V b (A). 
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If p>r + 3, then the space 

Bom v ((H m - r - 1 A)[r-m],M[p]) ~ DRom v (M[p],(H m -" r ~ 1 A)[r-m+m+2]) 

~ DRom v (M\p -r- 2], H m ~ T ~ 1 A) 
vanishes when p — r — 2 >1, since M[p — r — 2] belongs to £>^ 2 + r- P c £>- _1 
while H m ~ T ~ 1 A belongs to W. 

If p = r + 2, since by induction H m ~ r ~ 1 A is finite-dimensional, we have 
that 

Rom v ((H m - r - 1 A)[r - m],M[p}) ~ DHom if o A (M, # m - r - 1 A) 

is also finite-dimensional, where the second isomorphism comes from propo- 
sition [231 Therefore, the space Horrid (r< m _ r _2 A, M[p]) is finite-dimensional 
for all p>r + 2. 

Now consider the following diagram 

M[r + 4] 

Horn— finite^ * "\Hom— finite 




r< m _ r _ 3 yl *- r< m _ r _ 2 A *- (# m - r - 2 ,4)[2 + r - m] *- r< m _ r _ 3 A[l]. 

Since r + 4>r + 2 and r + 3>r + 3, the spaces Homj) (T< m _ r _2 A, M[r + 4]) 
and Homz>(T< m _ r _ 3 .A[l], M[r+4])(~ Horn D (T< m _ r _ 3 ,4, M[r+3])) are finite- 
dimensional for each M £ modif°A Thus, the space 

Rom v {(H m - T '- 2 A)[2 + r-m],M[r + 4]) ~ Hom^F™- 7 - 2 ^, M[m + 2]) 

~ DHom 7? (M, J H" m - r - 2 yl) ~ Drlom H o A (M,H m - r - 2 A) 

is finite-dimensional for each M £ modH°A. In particular, if we choose 
M = H°A, we find that DH m ~ r ~ 2 A is finite-dimensional. Therefore, the 
space H m ~ r ~ 2 A is finite-dimensional. □ 

The subcategory of (perA) op x per A whose objects are the pairs (X, Y) 
such that, the space Homp(A r , Y) is finite-dimensional, is stable under ex- 
tensions and passage to direct factors. By lemma 12.41 the space H r A(~ 
l\om.x> { A, A\r\)) is finite-dimensional. As a result, the following proposition 
holds. 

Proposition 2.5. The category perA is riom-finite. 

Lemma 2.6 (|lj). For each X in per A, there exist integers N and M such 
that X belongs to T>— n ^T>- M . Moreover, the t-structure onV> canonically 
restricts to per A. 



An obvious remark here is that the first statement in lemma [2761 has the 
following equivalent saying: there exists a positive integer Nq such that X 
belongs to V- n n ^V-~ n for any n > N . 
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Proposition 2.7. The category C is (m + 1)-Calabi-Yau. 

Proof. Let T denote the category perA Let J\f denote V b (A), which is a 
thick subcategory of T ■ Because of the Calabi-Yau property, that is, 

DRom v (N, X) ~ Homu(X, N[m + 2]) for each N € £> 6 (,4) and X eV, 

there is a bifunctorial non-degenerate bilinear form : 

(3 N: x : Horn© (TV, X) x Hom^X, N[m + 2]) — ► fc 

Therefore, by section Imp], there exists a bifunctorial form : 

Px t y : Hom c (X, y) x Hom c (y, X[m + 1]) — >■ k for X, y E C. 

By lemma [276| the object X belongs to T>- r for some integer r. Thus, we 
obtain an injection 

— > Hom©(X,y) — > Rom v (X, r >r Y), 

and the object r >r Y is in T) b (A). Since perA is Horn-finite by proposition 
12.51 still using section 1 in [1], we can get that (3' XY is non-degenerate. 
Therefore, we have 

£>Hom c (X,y) ~ Hom c (y,X[m + 1]) for X,Y G C. 

Thus, the category C is (m + 1)-Calabi-Yau. D 

Let T be the full subcategory T>-° n i P-" m_1 n per A of perA 

Lemma 2.8. For each object X of T , there exist m triangles ( which are 
not unique in general ) 

Pi— >-Qo— ►*— >iMl], 
P 2 ^Qi^Pi^P 2 [l], 

■tin 'Vm- 1 '-* m— 1 '-* mi-l-J) 

where Qo,Qi, ■ ■ ■ , Q m -i and P m are in addA. 

Proof. For each object X in perA the following isomorphisms 

Rom v (A,X) ~ F°X ~ Hom if o A (PT A,iJ°X) 

is true. Therefore, we can find a morphism Qo — >X, with Qo a f ree dg 
Amodule, which induces an epimorphism H Qq^»H°X. Take X in J- and 
form a triangle 

Pi— >-Qo— >*— KPi[l]. 

Step 1. TTie o&jeci Pi is in D^° n ^D^™ n perA 

Since the objects Qq and X are in £>— °, Pi is in D- 1 . Moreover, we have 
a long exact sequence 

. . . ^H°Qo-^H°X^H 1 P 1 ^H 1 Q = 0. 

It follows that H 1 P 1 = 0. Thus, the object P 1 belongs to V-°. 
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Let Y be in D-~ m . Consider the long exact sequence 

... — ► Rom v (Qo,Y) — ► BomviPuY) — > Homu(X[-l],y) —►.... 

Since X belongs to ^P-"™" 1 and y is in V-- m , the space Rom v (X[-l],Y) 
vanishes. The object Qq is free and H°Y is zero, so the space Honi£>(Qo> y) 
also vanishes. Thus Pi belongs to T>-~ m . 

Moreover, since per^4 is closed under extensions in T>, the object P\ be- 
longs to per .A. Thus, the object Pi belongs to D-° n ^T>—~ m n per .A. 
Similarly as above, we can find a morphism Qi — > P±, with Qi a free dg 
A-module, which induces an epimorphism H Qi-»H Pi. Then we form a 
triangle 

Step 2. Forl<r< m, the object P t is in V^° n ^D<*- m -i n perA. 

By the same argument as in step 1, we obtain that the object Pi is in 
£><o n ± v <l-m n perA 

In this way, we inductively construct m triangles 

Pi— >Qo— ►*— >Pi[l], 
P 2 — >Qi— >Pi— ^[l], 

mti 'Vm-1 'Mn-1 ^-MTl L J ' 

where Qo> Qi, . • • , Q m -i are free dg A-modules and Pj belongs to V-° n 
J-p<t-m-l n per A,for eachl<i<m. 

The following two steps are quite similar to the proof of Lemma 2.10 in 
PP. However, for the convenience of the reader, we give a complete proof. 

Step 3. H°P m is a projective H° A-module. 
Since P m belongs to T>-°, there exists a triangle 

T<-iP m — > Pm — > H P m — y (r<_iP m )[l]. 

Take an object M in the heart T~C, and consider the long exact sequence 

...—)-((r<_iP m )[l],M[l])—).(If P m ,M[l])—)-(P m ,M[l])— )■..., 

where we write ( , ) for Hompf , ). The space Hom£>((r<_iP m )[l], M[l]) van- 
ishes because Homx>(P- _2 ,V-~ l ) is zero. Since P m belongs to - L P-" 1 , the 
space Homx>(P m ,M[l]) also vanishes. As a result, the space 

Ext^(H°P m M) ~ Hom I) ( J ff P m ,M[l]) 

is zero. Thus, H P m is a projective PT°A-module. 

Step 4. P m is isomorphic to an object in add A. 

From step 3, we deduce that it is possible to find an object P in add A 
and a morphism P — > P m such that H°P and H°P m are isomorphic. Then 
we form a new triangle 

E — ► P — ► P m — ► £[1]. 
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Since P and P m are in P-°, the object E is in T>- . Moreover, there is a 
long exact sequence 

... — ► H°E — > H°P ~ H°P m — > H l E — y H l P = 0. 

So E is in D-°. Since P m belongs to - L P-~ 1 , the space Hom£>(P TO , P[l]) 
vanishes. Therefore, the object P is isomorphic to the direct sum of P m and 
E. Then we have an isomorphism 

h°p ~ p°p m e pt°p. 

We obtain that H°E is zero. As a consequence, there is no nonzero mor- 
phism from P to E, since P is a free ^4-module. Therefore, E is the zero 
object and P m is isomorphic to P which is an object in addA. □ 

Let iV be an object of P. By lemma [2?8| there are m-triangles related to 
the object N. Denote by v the Nakayama functor on mod H°A. Clearly, 
uH°P m and i/H°Q m _i are injective P°^4-modules. Let M be the kernel of 
the morphism vH°P m — y uH"Q m —i. It lies in the heart %. Let X = N[l]. 

Lemma 2.9. (1) There are isomorphisms of functors: 

Hom v (-,X[l])\ n ~ Hom 7? (-,P 1 [3])| w ~ ... 

. . . ~ Horn© (-, P m _i[m + l])| w ~ Hom M (-, M). 
fJ8j There is a monomorphism of functors: 

Ext^(-,M) ^Hom»(-,P m _ 1 [m + 2])| H . 

Proof. Let L be in TL. Let us prove part (1). 
Step 1. There is an isomorphism of functors: 

Ho m2 ,(- P m _i[m + 1])\ H ~ Hom w (-,M). 

Applying Homz)(L, — ) to the m-th triangle 

we obtain a long exact sequence 

. . . — y Homx)(L,Q m _i[m + 1]) — y Homx>(L,P m _i[m + 1]) — y 

— y Homx>(L,P m [m + 2]) — y Homx>(L, Q m _i[m + 2]) — y 

Since L belongs to V b (A), by the Calabi-Yau property one can easily see 
the following isomorphism 

Homxi(L, Q m _i[ra+ 1]) ~ DB.om.T>(Q m -i,L[l}). 

The space vanishes since the object Q m -i is a free dg A- module and H l L 
is zero. Consider the triangle 

T<-\Pm — > Pm — > H P m — y (r<_iP m )[l]. 

We can get a long exact sequence 

• • • — K(r<_iP m )[l], L)-^(H°P m , L)^(P m ,P)— Kr<_iP m , L) — >• . . . , 
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where we write (,) for Hom-p(,). Since Homx^Z)- -1-4 ,!)- ) is zero, the 
space Homx>((r<_iP m )[i],L) vanishes for i = 0,1. Thus, we have 

Rom v (P m ,L) ~ Rom v (H°P m ,L) ~ Hom w (H°P m ,L). 

Combining with the Calabi-Yau property, we get the following isomorphisms 

Homx,(L, P m [m + 2]) ~ DRom v (P m , L) 

~ Dliom H {H P m , L) ~ Hom w (L, ^°P m ). 
Similarly, we can see that 



Homx)(L,Q m _i[r7T, + 2]) ~ Hom^(L, vH u Q m _ 



Therefore, the functor Homp(-, P m _i[m+l])|^ is isomorphic to the functor 
Hom%(— ,M), which is the kernel of the morphism 

Rom H (-, uH°P m ) -^ Rom n (-, uH°Q m ^). 
Step 2. There are isomorphisms of functors: 

nom v (-,X[l})\ n ~Rom v (-,P 1 [3])\ n ~...~Rom v (-,P rn - 1 [m + l})\n- 
Applying the functor Honi£)(L, — ) to the (to — l)-th triangle 

•*■ m— 1 ' ^m— 2 r r m —2 * im—\\)-\, 

we obtain a long exact sequence 

... — >Kom.- D {L,Q m _2[m\) — > Kom v (L,P m _ 2 [m\) — > 
— > Hom c (L,P m _i[TO + 1]) — > Hom^(L, Q m _ 2 [m + 1]) — ► 

Since Q m -2 is a free A- module and L is in H, the space Homx>(Q m -2, L[r]) 
vanishes for each positive integer r. As a result, by the Calabi-Yau property, 
the following two isomorphisms hold 

Hom v (L,Q m _-2[m\) ~ Z)Homx)(Q m _ 2 , ^[2]) = 0, 
Hom c (L, Q m _ 2 [m + 1]) =a J DHom p (Q m _ 2 , L[l]) = 0. 
Therefore, we have 

Homx)(-,P m „ 2 H)l'H ^Homx)(-,P m _i[TO + l])| w , 

where the isomorphism is induced by the left multiplication by /i m _ 2 [m]. 

We inductively work with each triangle and get a corresponding isomor- 
phism induced by the left multiplication by h m - r [to — r + 2] , 

Hom.t>(-,P m - r [m-r+2])\- H ~ Homxj(-,P m _ r . + i[m-r+3])| w , 2 < r < to - 1, 

while the isomorphism 

Rom v (-,X[l])\ n ^Uom T) (-,P 1 [3})\ n 

is induced by the left multiplication by /io[2]- Therefore, the first assertion 
in this lemma holds. 
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Let us prove part (2). 

Consider the following long exact sequence 

... — ► Homp (L, P m [m + 2]) — ► Hom£>(X, Q m _i[m + 2]) — > 

— >H.om- D (L,P m „i[m + 2]) — >• Horn© (L,P m [m + 3]) —►.... 

By the Calabi-Yau property, the space Homx>(.L, -P m [m + 3]) is isomorphic 
to the zero space DHomz>(P m [l], L). 

Hence, the functor Hom-p(- , i- , m _i[m + 2])|% is isomorphic to the cokernel 
of the morphism 

Uom H (-^H°P m ) — >Ham w (-,i/ff°Q m _i). 

As an .£f yl-module, M admits an injective resolution of the following form 

_> „H°P m — > i/ff°Q m _i —►/—►..., 

where I is an injective 77°yl-module. Then Ext^(— , M) is the first homology 
of the following complex 

_>. Hom w (-, vH°P m ) — ► Hom«(-, uH°Q m ^) — > Hom«(-, /) —►.... 

Therefore, we get a monomorphism of functors 

Ext^(-,M) -+HomD(-,P m _i[m + 2])|tt. 

D 

Following Step 1 in the proof of lemma 12.91 there is an isomorphism of 
functors: 

Hom©(-,P m _ 1 [m + 1])\ H ~ Hom H (-,M). 

We denote it by <p\, and when 931 is applied to an object X in H, we denote 
the isomorphism by (fix- Let p be the preimage of the identity map on M 
under the isomorphism 

tp!, M ■ Homp(M,P m _i[m + 1]) ~ Rom H (M,M). 

Now we can form a triangle 

Pm-lH —>Y' ^M -A P m ^i[m + 1]. 

Lemma 2.10. TTie object Y' is in T . 

Proof. Since M belongs to H and P m -i[m + 1] belongs to per^4, it follows 
that Y' is also in perA Moreover, V' is in T>-°, since the objects M and 
P m -i ar e in £>-°. Let Z be an object in p<- m -!. Then there is a long 
exact sequence 

. . . — > Hom©(P m _i[m + 1], Z) — >• Hom^M, Z) — >• 

— > Hom c (Y',Z) — > Hom 73 (P m _ 1 [m],Z) — ► Hom p (M[-l], Z) —>.... 
Since Z belongs to X'<- m ~ 1 ) we have the following triangle 

r<_ m _ 2 Z — > Z — > (il-" 1 - 1 ^^ + 1] — > (r<_ m _ 2 Z)[lj. 
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By the Calabi-Yau property, the space 

Rom v (M[-l], (T<- m -2Z)[i\) si i}Hom p (r<_ m _ 2 Z,M[m + 1 - i\) 
is zero for i = 0, 1. As a result, we have that 

Ham©(M[-l], Z) ~ Hom©(M[-l], (p-™" 1 ^™ + 1]) 

~ DRom v (H- m ~ 1 Z, M). 

From Step 2 in the proof of lemma [2T8| we know that the object P m -i is 
in - L 2?-~ 2 . So the m-th shift P m _i[m] is in -Lp<- m - 2 . Combining with the 
Calabi-Yau property, the following isomorphisms 

Hom I? (P m _ 1 H,Z) ~ Hom I >(P m _ 1 [m],(P^ 1 Z)[m + 1]) 

~ DRom v (H- m - 1 Z,P m ^ 1 [m + 1]) 
hold. Now by lemma [2T9l we obtain an isomorphism 

Hom p (P m _ 1 [ m ] ) Z) ~ Rom v {M[-l],Z). 

Consider the following commutative diagram 

(P>, Z>) (P f , Z) (P>, {R- m ^Z)\m + 1]) {P>, Z'[l]) 



(M, Z') >■ (M, Z) ^ (M, {H- m - l Z)[m + 1]) »- (M, Z'[l\), 

where we write (, ) for Homp(, ), P' for P m _i[m + 1], and Z' for r<_ m _2^- 
Since the object P m _i[m + 1] is in ^-j)-~ m ~^ , we have that the space 
Homp(P m _i[m + 1], (T<_ m _ 2 Z)[l]) vanishes, and then the rightmost mor- 
phism d is a zero map. By the Calabi-Yau property and proposition 12.31 on 
can easily get the following isomorphisms 

Hom 7? (P m _ 1 [m + l],(PT- m - 1 Z)[m + l]) ~ Z)Hom 7? (^- m - 1 Z,P m _ 1 [m + 2]), 

Rom v (M, (H-' m - 1 Z)[m + 1]) ~ DRom v (H~ m ~ 1 Z, M[l\) 

~L>Ext^(i7- m - 1 Z,M). 
Then by lemma [2T9], the morphism c is surjective. Consider the triangle 

r<_ m _ 3 Z — > r<_ m _ 2 Z — > (p- m - 2 Z)[m + 2] — > (r<_ m _ 3 ^)[l]. 

Applying the functor Honrp(— , M[m+2]) to this triangle and by the Calabi- 
Yau property, we can obtain isomorphisms as follows: 

Hom p (M,T<_ m _ 2 Z) ~ DHom p (r<_ m _ 2 Z,M[m + 2]) 

~ ,DHomi,((P" m " 2 Z)[m + 2], M[m + 2]) ~ DHomx>(P~ m ~ 2 Z, M). 

Applying the functor Romx>(P m -i[m + 1], — ) to the same triangle and by 
the Calabi-Yau property, we can get isomorphisms as follows: 

Hom»(P m _ 1 [m + l],r<_ m _ 2 Z) ~ Hom p (P m _ 1 [m + 1], (p- m ~ 2 Z)[m + 2]) 
~ DRom v (H- m - 2 Z,P m -. 1 [m + 1]). 
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Therefore, following lemma l2U| the leftmost morphism a is an isomorphism. 
Then by Five-Lemma, the morphism b is surjective. From the long exact se- 
quence at the beginning of the proof, we can see that the space Homp(Y' , Z) 
vanishes for any Z € T)—~ m ~ . Hence, the object Y' is in T. □ 

Let <p r (2 < r < m — 1) denote the isomorphism 

Homx>(-, P m -r[m - r + 2])\ n ~ Hom p (-, P m - r+1 [m - r + S])\ H 

in lemma |221 and let ip m denote the isomorphism 

Rom v (-,X[l])\ n ~Hami>(-,Pi[3])|«. 

We write / for the composition h m ^2\ m \ • • • ^o[2], and for the composition 
ipi ...ip m . Let e be the preimage of the identity map on M under the 
isomorphism 

6 M : Rom v {M,X[l}) ~ Hom w (M,M). 
As a result, we have that 

0m(£) =id M = <Pim{p)- 
Thus, the following equalities hold, 

/£ = <P2,M ■ ■ ■ VmM( £ ) = P- 

Now we form a new triangle 

X — >Y — >M -^X[l}. 

Lemma 2.11. The object Y is in T and r<_iY is isomorphic to X. 

Proof. Since M belongs to % and X belongs to T>-° n per^l, the object Y 
is also in T>-° n per A. Our aim is to show that Y is in i P- _m_1 . Let Z be 
an object in x>-~ m ~ x . There is a long exact sequence 

... — ► Hom©(X[l], Z) — > Homx,(M, Z) — ► 

— > Homx,(Y, Z) — > Hom^X, Z) — > Hom©(M[-l], Z) — y .... 

Since X is in -Lp<- m - 2 5 by th e sam e argument as in lemma [2.10| we can 
obtain an isomorphism 

Hom©(X, Z) ~ Ham©(M[-l], Z). 

Since p is the composition fe, there exists a morphism g : Y — > Y' such 
that the following diagram is commutative 



^M^- P m _i[m + 1]. 
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Applying the functor Homx>(— , Z) to this diagram, then we get the fol- 
lowing commutative diagram 



( M , Z) (Y>, Z) (P m _! 

Homx)(ff,-)|z 



m],Z) *(M[-1],Z) 

Hom-p(f[-l]-)\ z 



(M,Z) 



(Y,Z) 



+ {X,Z) 



where we write (, ) for Honi£>(, )• The morphism 

Hom c (/[-l],-)| z : Homp(P m _ 1 H,Z) - 

is an isomorphism. We can see this as follows: 
applying the functor Homx>( — ,Z) to triangles 

Pitl]— >Q [1]— ►X^Pip], 



Pr-i[r] hr ^ r] P r [r + l}, 



-(M[-1],Z), 
> Hom©(X, Z) 

and 
2 < r < m — 1, 



1. 



we can get long exact sequences (here we denote X by Po[l]) 

. . . — > Homp(Q r _ 1 [r + 1], Z) — ► Hom c (P r [r + 1], Z) — »■ 

— > Homx> (P r _i [r] , Z) — >• Hom£>(Q r _i[r] ; Z) — >■ . . . , 1 < r < m 
The objects Z[-r-i](i = 0, 1) are in £><r+i-m-i( c p<-i). Since Q r _i is a 
free .A- module, the space Homx>(Q r _i[r + i],Z) vanishes for i = 0, 1. Thus, 
the morphism 

Hom 2 ,(/t r _ 1 [r], -)| z : Hom c (P r [r + 1], Z) ~ Hom I3 (P r _ 1 [r], Z) 

is an isomorphism for each 1 < r < m — 1. As a consequence, the functor 
Homx>(/[— 1], — )|z is an isomorphism. By Five-Lemma, we can obtain that 
Homx>(g,—)\z is an epimorphism. From lemma [2.10|. we know that the 
object Y' is in J 7 , and the space Hom.T>(Y' , Z) vanishes. It follows that the 
space Hom£>(Y, Z) is also zero, hence Y is in T . 

Since X is in P[l], the spaces P°X and P^X are zero. Thus, the object 
H°Y is isomorphic to M. Moreover, the space Homp(X, H°Y) is zero. 
Hence, we can obtain a commutative diagram of triangles 



r<_iY 

A 
;<5 2 

X — 



y 



;jv 



-»-y- 



^p°y 

A 
Si 

M- 



(r<-iY)[l] 
A 



A[ll 



where 5± : M — > H°Y is an epimorphism between isomorphic terms. There- 
fore, Si is an isomorphism. Thus, T<—iY is isomorphic to X. 

□ 

Lemma 2.12. The image of the functor r<_^ restricted to J- is in J-[i] and 
the functor r<_j : J- — > J-[i] is fully faithful for each positive integer i. 
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Proof. Let X be an object in F. Then r<_jX is in V- l , and there is a 
triangle in T> 

T<_iX ^X^ T> .iX — ► (r<_,X)[l]. 

Following lemma [2T6l the object r<_jX belongs to T>-~ 1 n per A Let Y be 
an object in x>-~ rn ~ l ~ l . Applying the functor Homp(— , Y) to this triangle, 
then we can get a long exact sequence 

...->■ Hom^X, Y) -> Hom^r^X, Y) ->■ Hom c ((r>_iX)[-l], Y) ->.... 

The space Homx)(X, Y) vanishes because X is in i I>- _m_1 and i is a positive 
integer. Since r>_jX is in T> b (A), by the Calabi-Yau property, we have the 
isomorphism 

Hom 2) ((r>_ i X)[-l],Y) ~ DBom v (Y, (r>_iX)[m + 1]) = 0. 

Hence the space Homp(r<_jX, Y) is also zero. It follows that r<„jX belongs 
toT[i\. 

Let X, Y be two objects in T and / : t<_jX — ^ T<~iY a morphism. 
Consider the following diagram 



(r>_iX)[-l] 



r<-;X 
/ 



-*X 



t>-*X 



^^iY. 



(7>_<r)[-l] r<_iY -^ y - 

For j = 0, 1, by the Calabi-Yau property, the isomorphism holds 
Homp((r > _ i X)[-i], Y) ~ DRom v (Y, (r^X^m + 2 - j}) = 0, 

since Y is an object in i D- _m_1 . 

Since the space Hohix>((t>_jX)[— 1], Y) vanishes, the composition Syf 
factors through s x . Thus, the functor r<_j is full. 

Let g : X — > Y be a morphism in T satisfying t<_j(? is zero. Then it 
induces a commutative diagram as follows 



r<- % X 

T<-i9 

T<- % Y ■ 



P'x 



- X * T> -iX [T<-iX)[l] 



..■■'" .91 



- Y * r>_iY (r<_;X)[l]. 



The morphism gs x is zero, so the morphism g factor through p x . That 
is, there exists a morphism g\ : r>_jX — )■ Y such that g = g±p x . The 
morphism gi is zero, since the space Homx>(T>_jX, Y). Thus, the morphism 
g is zero. It follows that the functor t<_.; is faithful. Now this lemma 
holds. □ 

Together by lemma [2. Ill and lemma [2. 121 we know that the functor t<_i : 
T — > T[l] is an equivalence. 
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By the same arguments as Step 1 and Step 2 in the proof of proposition 
2.9 in pQ, we can get the following two lemmas. However, for the convenience 
of our later proposition 12.151 we would like to write down the proof of the 
second lemma, which presents a procedure of constructing the needed object. 

Lemma 2.13. The functor ir (restricted to J-): J- — > C is fully faithful. 

Lemma 2.14. For any object X in perA, there exists an integer r and 
an object Z in ,F[— r] such that irX and irZ are isomorphic objects in the 
category C. 

Proof. Let X be an object in per A By lemma [2761 there exists an integer r 
such that X is in T>^ m+1 ~ r n ^V- r ~ m ~ 1 . Consider the triangle 

T< r X — ► X — > r >r X — ► (r< r X)[l]. 

Let Y be an object in x>- r ~ m ~ l . Applying the functor Homp(— , 1"), we can 
get a long exact sequence 

... ^Rom v {X,Y) ^Homp(r< r X,y) — > Hom c ((r >r X)[-l],F) -►.... 

Clearly, the space Hom.£>(.X~, Y) is zero. By the Calabi-Yau property, we 
have the isomorphism 

Rom v ((T >r X)[-l],Y) ~ DRom v (Y,(r >r X)[m+ 1]) = 0. 

Therefore, the object r< r X is in - L p< r - m - 1 - Thus, we have that r< r X is in 
T\— r]. Let Z denote T< r X. Since r >r X is in V b (A), the objects ttX and 
7rZ are isomorphic in C. D 

Proposition 2.15. T/ie projection functor ir : perj4 — )• C induces a k- 
linear equivalence between J- and C. 

Proof. We only need to show that n restricted to J- is dense. Let X be an 
object in perA Then there exists an integer r such that, the object X is in 
jy<m+i-r p ±-p<r-m~i^ ^ e object T< r X is in F[—r], and -kX is isomorphic 
to 7r(r< r X) in C. Now we do induction on the number r. From the remark 
of lemma 12.61 we can suppose that r < 0. 

If r = 0, the object t<_qX is in J-, and 7r(r<o^) is isomorphic to the image 
vrXof X in C. 

Suppose when r = r$ < 0, one can find an object Y in T such that ttY is 
isomorphic to ttX in C. 

Consider the case r = ro — 1. Then r< ro _iX is in .F[l — ro]. Set Z = 
(r< ro -iX)[— 1]. Thus, the object Z is in .F[— ro]. By hyperthese, there exists 
an object F in J such that irY is isomorphic to nZ in C. Therefore, we 
have following isomorphisms in C 

itY~7tZ = 7r((r< ro _iX)[-l]) ~ (7r(T< ro ^X))[-l] ~ (ttX)[-1]. 

Since Y"[l] is in ^[1] and r<_i : J 7 — > J-"[l] is an equivalence, there exists 
an object iV in T such that t<-\N is isomorphic to Y[l]. As a consequence, 
the following isomorphisms hold in C 

ttN ~ vr(r<_iAf) ~ 7r(Y[l]) ~ (ttY)[1] ~ vrX 
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Hence we can deduce that for each object T in C, there exists an object T' 
in T such that ttT' is isomorphic to T in C. □ 

We call J- the fundamental domain. 
Proof of the main theorem l2.21 

Proof. Proposition 12.51 and proposition 12,71 have shown that the category C 
is Horn-finite and (m + 1)-Calabi-Yau. 

Now we only need to show that the object ttA is an m-cluster tilting 
object whose endomorphism algebra is isomorphic to the zeroth homology 
H°A of A. 

Since A is in the subcategory V-° n ^P-" 1 , A[i] is in V-^ n ^V-^^ . 
Thus, the objects -A[z](l < i < m) are in the fundamental domain T . Fol- 
lowing proposition 12.151 the functor ir : per A — > C induces an equivalence 
between J- and C, so we have that 

rIom c (irA, ir(A[i])) ~ Homjr(^, A[i\) = riom-n ( A, A[i]) 

H°A, i = 0; 



0; 1 < i < m. 

Therefore, the endomorphism algebra of ttA is isomorphic to the zeroth 
homology H°A of A, and 

Homc(vrA, (-zrAfr])) = 0, r = 1, . . . , m. 

Let X be an object in T . According to lemma [2T8l there exist m triangles 
where Qo,Qi,---, Q m -i are free ^4-modules and P m is in addA. 
Now we will show the following isomorphisms 

Ext|,(P m _i, Y) ~ Ext|,(P m _ 2 , Y) ~ ... ~ Ext£(X, Y), Y € D< . (1) 

Applying Homp(-, Y[j]) to the triangle (here we write Po instead of X) 

-Lm—j+l 'Vm-j '^m—j '±m— j+1 [J-J j J — Z, . . . 771, 

we can get a long exact sequence 

...—>• Hom^(Q m _,[l], Y[j]) — ► Hom p (P m _, +1 [l], Y[j]) — ► 
-> Hom 7? (P m _ j , Y[j]) — ► Hom^ (Q m _„Y[j]) —>.... 

Since Q m -j are free A-modules, the spaces Homx>(Q m -j[i], Y\j]) are zero 
for i = 0, 1. Therefore, we have the following isomorphisms 

Ext^P^Y) ~ Hom p (P m _ i; Y[j]) ~ Hom D (P m _ j+1 [l], Y[j]) 

=iExt4~ 1 (i'm-i+l,l r ), i = 2,...m. 
It follows that (1) is true. 

Next applying Homx>(— , Y[j]) to the triangle 

*m—j '*°&m—j—\ '^m— j— 1 '-* m— j L J ' ■? — 2, ... 771 1, 

similarly we can obtain the following isomorphisms 

Ext^(P m _ 2 , Y) ~ Ext|,(P m _3, Y) ~ ... ~ Ext^-^X, Y), Y G P< . 
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Thus, we can get a list of isomorphisms 

ExtJ, (P m -i ,Y)~ Ext™ +1 ~ 1 (X,Y),l<i<m-l,YeV< . 

Suppose that Z is an object in C such that the space Horned, (7r.A)[z]) 
vanishes for each 1 < i < m. Since the functor tt : per^4 — > C induces an 
equivalence between J- and C, there exists an object X in T such that ttX 
is isomorphic to Z in C. Therefore, we have the following isomorphisms 

Hom c (Z, (ttA)[{\) ~ Hom c (7rX, (vrA)[i]) ~ Homz>(X,yl[i]) 

~Ext|,(X,yl), l<z<m. 
Hence, we have 

Ext£,(P m _i, A) ~ Ext™ +1_i (X, A) = 0, 1 < t < m - 1. 
As a consequence, the triangle 

*~m 'yra-1 '-'to— 1 ?■*• m [J- J 
splits, then the object P m -\ is in addA. Next the triangle 

-fm-1 ^Qm-2 ^P-m-2 ►■^m- 1 [1] 

also splits, then the object P m _2 is also in addA. By iterated arguments, 
we can get that Pi (1 < i < m) and X are all in addA. Thus, the object Z, 
which is isomorphic to ttX in C, is in the subcategory addirA. Hence, the 
object ttA is an m-cluster tilting object in the category C. □ 



3. Generalized higher cluster categories associated to 
glnzburg dg categories 

In [12], V. Ginzburg defined the Ginzburg dg algebra T(Q, W) associated 
to a quiver with potential (Q,W), where the arrows of the quiver Q are 
concentrated in degree 0. Generally, let Q be a graded /c-quiver such that 
the set of objects is finite and Q(x, y) is a finite-dimensional fe-module for all 
objects x and y. Let 1Z be the discrete fc-category. Denote by A the tensor 
category T-n(Q). Fixing an integer n and a superpotential W in the cyclic 
homology HC n -z{A), i.e. a linear combination of cycles considered up to 
cyclic permutation 'with signs' of degree 3 — n, the Ginzburg dg category 
T n (Q, W) is defined in [19] as the tensor category over 1Z of the bimodule 

Q = Q ® Q v [n - 2} ®K[n - 1} 

endowed with the unique differential which 

a) vanishes on Q; 

b) takes the element a* of Q v [n — 2] to the cyclic derivative d a W for 
each arrow a in Q\, which is by definition d a taking a path p to the 
sum Ylp=uav i TO ! nere the sign is computed by Koszul sign rule; 

c) takes the element t x of H[n — 1] to (—1)™ ida:(X^£Qi[ t '>' u *]) ' 1( ^ x ^ or 
each object x in Qq, where [,] denotes the supercommutator. 
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Theorem 3.1 ([E]). The Ginzburg dg category T n (Q,W) is homologically 
smooth and n-Calabi-Yau. 

For simplicity, set T^ n ' as the Ginzburg dg category T n (Q, W) associated 
to a graded quiver with superpotential (Q, W). Moreover, we assume that 
the arrows of Q are concentrated in nonpositive degrees. We denote the 
minimal degree by Nq. 

Theorem 3.2. Let Nq > —m be a nonpositive integer. Suppose that the 
zeroth homology of the Ginzburg dg category Y^ m+2 > is finite- dimensional. 
Then the generalized m-cluster category 

C &) = perr(m+2) / :Dbr(m+2) 
associated to (Q,W) is Horn-finite and (m + 1)-Calabi-Yau. Moreover, the 
image of the free module r( m+2 > in C|qL is an m-cluster tilting object whose 
endomorphism algebra is isomorphic to the zeroth homology of r' m+2 ) . 

Proof. Since the nonpositive integer Nq > — m, the elements of Q v [m] are 
concentrated in nonpositive degrees. Then the Ginzburg dg category r^ m+2 ^ 
has its homology concentrated in nonpositive degrees. We have that the p- 
th homology H p T^ m+2 ' is zero for each integer p > 0. By assumption, the 
space H®Y^ m+2 > is finite-dimensional. Combining with theorem 13. 14 the dg 
algebra r' m+2 ) satisfies the four properties (*). We apply the main theorem 
12.21 in particular to p( m + 2 ). Then the result clearly holds. □ 

The following corollary considers acyclic quivers with zero superpotential. 
In this case, the generalized higher cluster category CmL recovers the higher 

cluster category Cq . 

Corollary 3.3. Let k be an algebraically closed field and m a positive in- 
teger. Suppose that Q is an acyclic ordinary quiver. Then the generalized 
m-cluster category Wn ) is triangle equivalent to the orbit category Cq of 

the bounded derived category D b (modkQ) under the action of the automor- 
phism r~ 1 S m (= i/ _1 E m+1 ) ; where E (resp. u) is the suspension functor 
(resp. Serve functor) and r is the Auslander-Reiten translation. 

Proof. Since Q is an acyclic ordinary quiver, the degrees of the arrows of 
Q concentrate in 0, —m, —m — 1 and the homology H^' L T^ m+2 ' vanishes for 
each 1 < % < m — 1. 

Since W is zero (in fact, if m > 2, the only superpotential is the zero one, 
otherwise, the degrees of the homogeneous summands of superpotentials are 
1 — m(< —1), while the degrees of the arrows are zero), the zeroth homology 
of r' m+2 ' is the finite-dimensional path algebra kQ. 

Following theorem l3.2l the generalized m-cluster category C,^ L is (m+1)- 
Calabi-Yau, and the image of T^ m+2 ' (denoted by T) is an m-cluster tilting 
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object whose endomorphism algebra is isomorphic to the finite-dimensional 
hereditary algebra kQ. 

Moreover, from the proof of the main theorem 12.21 we know that the 
objects Ti l F( m+2 > (0 < i < m) are in the fundamental domain T . Therefore, 
the following isomorphisms hold 

Hom c (r,S- i T) ~ Hom c (S i r,T) ~ Hom p (£T( m+2 \r( m + 2 )) 
~ F-T( m+2 ) = 0, for each 1 < % < m - 1, 
where C denotes the generalized m-cluster category C,™ L. Hence, following 
theorem 4.2 in [21], there is a triangle equivalence from C, Q „.. to Cq . D 
Example 3.4. Suppose m is 2. Let us consider the graded quiver Q 





^ 1 3 < 

where deg(a) = —l,deg(b) = deg(c) = 0, with superpotential W = abc. 

The Ginzburg dg category I^ 4 ) = T^Q, W) is the tensor category whose 
underlying graded quiver is Q 

2 




(^==0 



t?, 



where deg(a*) = — 1, deg{b*) = deg(c*) = —2 and deg(U) = -3 for 1 < i < 3. 
Its differential takes the following values on the arrows of Q: 

d(a*) = bc,d(b*) = ca,d(c*) = ab, 
d(ti) = bb* + a*a, d(t 2 ) = aa* - c*c, d(t 3 ) = cc* - b*b. 

The zeroth homology ff°r' 4 ' equals to the path algebra with relation 
kQ(°'/(bc), whose A;-basis is {ei,e2,e3, b, c}. Therefore, the dimension of 
H°T^ is 5. 

Following theorem 13.21 the image of I^ 4 ) in the generalized cluster cat- 

(2) 

egory Cj ff , is a 2-cluster tilting object, whose endomorphism algebra is 
given by the following quiver with the relation 

2 — ^->- 3 — ^ 1 , be = 0. 

(2) 

In the following, we will show that the generalized cluster category C)J. w \ 

(2) 

and the orbit category C A are triangle equivalent. 
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Let Q' be the quiver 




with deg(a) = deg{f3) = 0. We denote the indecomposable projective mo- 
dule eikQ' by P[, and its corresponding simple module by S[ for 1 < % < 3. 
Let T be the almost tilting module P^QP^. Its two complements are P[ and 
S' 3 . We write T as the direct sum S% © P'^ © P3. Then we have the derived 
equivalence 

£>End(T) ~ £>(modA:Q')- 
Following proposition 4.2 in |19| . the derived 4-preprojective dg algebras 
Il4(End(T),0) and IL^kQ' ,0) are Morita equivalent. Moreover, by theo- 
rem 6.3 in [19], the derived 4-preprojective dg algebra Tl^kQ' ,ti) is quasi- 
isomorphic to the Ginzburg dg category T^(Q' , 0). 

The underlying graded quiver of the algebra End(T) is 

Q" 2 




^ s 3 > 

with the relation £7 = 0, where deg{^f) = deg(5) = 0. Thus, the alge- 
bra End(T) is quasi-isomorphic to the path algebra of the following graded 
quiver Q'" 

2 




S 

with the differential d(r]) = —Sy, where deg{rj) = —1. Following propo- 
sition 6.6 in [19], the derived 4-preprojective dg algebra H4(End(T),0) is 
quasi-isomorphic to the tensor category T?i(Q'"), endowed with the unique 
differential such that 

d( v ) = d v *W = <5 7 , d(S*) = d s W = 77?*, d(7*) = djW = r}*5, 
d(ti) = 55* +rjrf, d(t 2 ) = rfr) - 7*7, d(t 3 ) = 77* - 5*5, 

where W = 7]*5-?, and Q"' = Q'" © (Q'") v [2) © K[3l 

It is easy to check that the tensor category T-ji{Q'") endowed with the dif- 
ferential equals the Ginzburg dg category T^Q, W), where Q is the graded 
quiver 

2 
v* / \ 7 
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obtained from Q'" by replacing rj by r/*, and W' is still the superpotential 
n*5^. Obviously, the graded quivers Q and Q are isomorphic, while the 
superpotentials W and W correspond to each other. Hence, the derived 4- 
preprojective dg algebra Il4(End(T),0) is quasi-isomorphic to the Ginzburg 
dg category T^Q, W). 

As a consequence, the Ginzburg dg categories r 4 (Q, W) and r 4 (Q', 0) are 

(2) 

Morita equivalent. Therefore, the generalized cluster categories C)q \ W s and 

,(2) 



C,q, Q-, are triangle equivalent. By corollary 13.31 we can conclude that the 

(OW) an< ^ ^ e orm t category C A 



(2) (2) 

generalized cluster category C (( i w ^ and the orbit category C\ are triangle 



equivalent. 



4. Higher cluster categories for algebras 
OF finite global dimension 

Let Abe a finite-dimensional /c-algebra of finite global dimension. Let n 
be a positive integer. The bounded derived category T> (A) admits a right 
Serre functor 

L 

va = -®a DA. 
Unfortunately, the orbit category Oa of V b (A) under the autoequivalence 
va\p\ is n °t triangulated in general. Let X be the A-A-bimodule DA[— n]. 
Let B be the trivial extension A® X[— 1] of A with A in degree and DA in 
degree n + 1. Clearly, the dg S-bimodule DB is isomorphic to B[n + 1]. The 
perfect derived category peri? is contained in V> b {B) under this construction. 
It is not hard to check that for each object X in peri? and Y in V b (B), there 
is a functorial isomorphism 

DBom VB (X,Y) ~ Bom VB (Y,X[n + l}). 

Denote by p : B — > A the canonical projection and p* : T> (A) — > V '(B) 
the induced triangulated functor. Let (A)b be the thick subcategory of 
T> b (B) generated by the image of p*. We call the quotient category 

4 n ~ 1} = {A) B /perB 

the (n— l)-cluster category of A. In general, this category C^ has infinite- 
dimensional morphism spaces. In [1] C. Amiot dealt with the case n < 2. 
By nsA we denote the 3-derived preprojective algebra of A as introduced 

in mi. 



Theorem 4.1 (|lj). Let A be a finite- dimensional k- algebra of global dimen- 
sion < 2. If the functor Tor^^—, DA) is nilpotent, then the cluster category 
Ca is Horn-finite, 2-Calabi-Yau and the object A is a cluster tilting object. 
Moreover, there exists a triangle equivalence from Ca to the generalized clus- 
ter category C = perH3^4/2? ^^4 sending the object A onto the image of the 
3-derived preprojective algebra H3A in C. 
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In this section, we will investigate the generalization of the above theorem 
to the case where A is a finite-dimensional fc-algebra of global dimension < n 
(instead of < 2). Since the generalization is straightforward, we only list the 
main steps here, and leave the proofs to the interested reader. 

Let T be a triangulated category and M a triangulated subcategory of T 
stable under passage to direct summands. 

Definition 4.2 ([I]). Let X and Y be objects in T. A morphismp : N — >■ X 
is called a local M -cover of X relative to Y if N is in M and if it induces an 
exact sequence: 

0^T(X,Y) —>T(N,Y). 

A morphism i : X — > N is called a local J\f -envelope of X relative to Y if N 
is in M and if it induces an exact sequence: 

o—>T(y,x) _ >r(y,jv). 

Lemma 4.3 (|lj). Let X and Y be objects of D b (B) such that the space 
Homx>s(X, Y) is finite- dimensional. Then there exists a local perB- cover of 
X relative to Y . 

Under the assumption of the above lemma, both Houix>b(X, X) and 
Homx)s(X, N) are finite-dimensional for N in peri? and X in T> b (B). There- 
fore, there exists a local peri?-envelope of X[n + 1] relative to Y. Hence the 
bilinear form 

/3' x Y : HonT, c „_i) (X, Y) x Ham^i) (Y, X[n}) — > k forX, Y G d n ~ 1} 

constructed in the first section of pQ is non-degenerate. Therefore, if C^ 
is Horn-finite, then it is n-Calabi-Yau as a triangulated category. 

Let us recall the following important properties of the Serre functor va 
of A: 

• u A (V> ) c £>>_„; 

• Jlomz>A(U, y) vanishes for all U E £>>o and V € Z><_ n _i; 

• va admits an inverse 

1 L 

V A =~®A RHomA(-DA, A), 

where the homology of the complex RHom/i(Z)j4, A) is given by 
WRRomAiDA^A) ~ Kom VA (,DA,A[i]) 

Rom VA (DA,A), i = 0, 
Ext^(DA,A), i = l,...,n, 
0, otherwise; 

• v^(V<p) C P<„. 

Using these properties we obtain the following generalization of proposi- 
tion 4.7 of [I]. 
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Proposition 4.4. Let A be a finite- dimensional k-algebra of global dimen- 
sion < n and X the A-A-bimodule Ext^DA, A). Then the endomorphism 
algebra A = EncL(n-i) (A) is isomorphic to the tensor algebra TaX of X 

over A. As a consequence, if the category C A is Horn-finite, then the 
functor — (8)^4 Ext A (DA, A) is nilpotent. 

In fact, the converse statement of the consequence in proposition 14.41 is 
also true. Taking advantage of the above properties of the Serre functor va, 
we also have the following variant of proposition 4.9 of pQ. 

Proposition 4.5. Let A be a finite- dimensional k-algebra of global dimen- 
sion < n. The following properties are equivalent: 

1) the category C^ is Horn-finite, 

2) the functor — (gi^Ext^-D-A, A) is nilpotent, 

3) the functor Tor£(—,DA) is nilpotent. 

Now we give a complete proof for the following well-known lemma. 

Lemma 4.6. Let A be a dg k-algebra. Then for all dg A-modules L, M , the 
objects RHom a(L,M) and RHom^e [A, Hom^(L, M)) are isomorphic in the 
derived category of dg A-A-bimodules. 

Proof. Let N be an A-A-bimodule. We construct two maps <!> and ^ as 
follows 

$ : Rom A (L® A N, M) -> Rom A e(N,Rom k (L,M)) 

f .—J- (*(/)(n) : Zm- (-1)I'IM/(J <g> n)), 
* :H.om. Ae (N,TIom k (L,M)) ->■ B.om A (L ® A N,M) 

It is not hard to check that $ and \& are A-A-bihomomorphisms homoge- 
neous of degree and satisfy 

Moreover, the morphisms $ and \& commute with the differentials. Thus, 
they induce inverse isomorphisms 

Hom c(A) (L® j4 iV,M)~Hom c(Ae) (^ ! Hom fe (L,M)), 

where C{B) denotes the category of dg S-modules for a dg algebra B. The 
morphisms <3? and \l/ also induce inverse isomorphisms 

Hom w(j4) (L ® A N,M) ~ Rom n(A e)(N,Rom k (L,M)), 

where H(B) denotes the category up to homotopy of dg i3-modules for a dg 
algebra B. If we specialize N to A, then we have 

Hom w(A) (pL,iM) ~ Hom w(j4e) (A,Hom fc (pL,iM)), 

where pL is a cofibrant resolution of L, and \M is a fibrant resolution of M. 
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Now we show that the complex Hom&(pIJ, iM)) is a fibrant resolution of 
Honijt(L, M) in C(A e ). Let l : U —t V be a quasi-isomorphism in C(yl e ) 
which is injective in each component. We have the isomorphisms 

Hom c(j4e) (?7,Hom fc (pL,iM))) ~ Hom c(A) (pL® A U,iM), 
Hom c(j4e) (y,Hom fc (pL,iM))) ~ Hom c(A) (pL ® A V,iM). 

Since pL is cofibrant, the morphism pL (g> t : pL ® [/ — > pL ® V is a 
quasi-isomorphism in C(A) which is injective in each component. Since \M 
is fibrant, it follows that the morphism 

Hom^) (pL ®a V, \M) -> Hom^) (pL ®^ [7, \M) 

is surjective. Thus, the complex Honifc(pL,iM) is fibrant. Therefore, we 
have the following isomorphisms in the derived category of dg A- A-bimodules 

RRom A (L, M) ~ Hom w(A) (pL, iM) ~ Hom w(Ae) (A,Hom fc (p.L,iM)) 

~ RHom j4 e(i,Hom fc (L,M)). 

□ 

Lemma 4.7. Assume that A is a proper (i.e. dim.kH*A < ooj dg algebra. 
Then the objects RHom^ZJA, A) and RHom^^A, A e ) are isomorphic in the 
derived category of dg A-A-bimodules. 

Proof. If we particularly choose L as DA and M as A in lemma 14.61 then 
we have the isomorphism in the derived category of dg A-A-bimodules 

KHom A (DA, A) ~ KKom A e(A,Tlom k (DA,A)). 

Since A is proper, the object A e (= A op (g)fcA) is quasi-isomorphic to 
A op ®kD{DA) and DA is perfect over k. Therefore, we have the quasi- 
isomorphisms 

A e ~ A op ® k D{DA) ~ Rom k (DA,A). 

As a result, we have the following isomorphisms in the derived category 
of dg A-A-bimodules 

RHom^A, A e ) ~ RHom yle (A,Hom fc (Z)A, A)) ~ KRom A (DA,A). 

□ 

Let be a cofibrant resolution of the dg A-bimodule RHom^(DA, A). 
Therefore, following [15] ; the derived (n + l)-preprojective algebra is defined 
as 

n n+1 (A) = r A (6[n]). 

It is homologically smooth and (re + l)-Calabi-Yau as a bimodule. Moreover, 
the complex HHom A (DA, A)[n] has its homology concentrated in nonposi- 
tive degrees —re, ...,—1,0, and 

H°{e[n}) ~ F (RHom j4 (DA, A)[re]) ~ if" (RHom A (DA, A)) ~ Ext^(DA,A). 
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Thus, the homology of the dg algebra Ii n+ i(A) vanishes in positive degrees, 
and we have the following isomorphisms 

H°(U n+l (A)) ~ T A (H°(&[n])) ~ T A (Ext n A (DA, A)) ~ A. 

In order for the derived (n + l)-preprojective algebra to satisfy the four 
properties in section 2, we assume that H°(Il n+ i(A)) is finite-dimensional. 

Corollary 4.8. Let A be a finite- dimensional k-algebra of global dimension 

< n. If the functor Tor n (— , DA) is nilpotent, then the generalized (n — 1)- 
cluster category C = per U n+ i(A) /T> b U n+ i(A) is Horn-finite, n-Calabi-Yau 
and the image of the free dg module n n+ i(^4) is an (n — 1) -cluster tilting 
object in C. 

Proof. If the functor Tor n ( — ,DA) is nilpotent, by lemma W7j\ the functor 
— ^jiExt A (DA, A) is nilpotent. Thus, the zeroth homology of TL n+ i(A) is 
finite-dimensional. Now we apply theorem 12.21 in particular to the derived 
(n + l)-preprojective algebra Tl n +i(A), then this corollary holds. □ 

Theorem 4.9. Let A be a finite- dimensional k-algebra of global dimension 

< n. If the functor Tor n (— ,DA) is nilpotent, then the (n — 1)- cluster cat- 
egory C^ of A is Horn-finite, n-Calabi-Yau and the image of As is an 
(n — 1)- cluster tilting object in C A . 

Proof. Similarly as pQ, we will construct a triangle equivalence between the 
(n — l)-cluster category C^ of A and the generalized (n — l)-cluster 



category C of LI n +i(^4). Then the statement will follow from corollary | 

□ 

Recall that (A)g denotes the thick triangulated subcategory generated 
by A in the derived category T> h (B) of the trivial extension B. First we will 
construct a triangle equivalence from (A)b to perll n+ i(^4). Consider the 
functor RHohib(^4.b, — ). By a result in [16], it induces a triangle equivalence 
between (A)b and perC, where C is the dg algebra RHom^Ae, As). The 
following lemma is an easy extension of lemma 4.13 of pQ. 

Lemma 4.10. The dg algebras Ii n+ i{A) and RHoms(^4_B, Ab) are isomor- 
phic objects in the homotopy category of dg algebras. 

As a result, the functor RHom^^s, — ) induces a triangle equivalence 
between (A)b and peril n+ i(^4), which sends the object Ab to the free mod- 
ule Ti n+ i(A) and sends the free S-module B to the object ^4n n+ i(A)- So 
the functor also induces an equivalence between the category perf? and the 
thick subcategory (A)n n+1 (A) oiVIl n+ i(A) generated by A. Moreover, as in 
lemma 4.15 of pQ, we still have that the category (^4)n n+ i(A) is the bounded 

derived category V b Tl n+ i(A). Hence, the categories C^ and C are triangle 
equivalent and theorem 14.91 holds for arbitrary positive integers n. 
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